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Studying the internal structure of complex samples with light is an important task, but a difficult 
challenge due to light scattering. While the complex optical distortions induced by multiple 
scattering can be effectively undone with the knowledge of the medium's scattering-matrix, this 
matrix is generally unknown, and cannot be measured with high resolution without the presence 
of fluorescent or absorbing probes at all points of interest. To overcome these limitations, we 
introduce here the concept of the acousto-optic transmission matrix (AOTM). Taking advantage 
of the near scattering-free propagation of ultrasound in complex samples, we noninvasively 
measure an ultrasonically-encoded, spatially-resolved, optical scattering-matrix. We demonstrate 
that a singular value decomposition analysis of the AOTM, acquired using a single or multiple 
ultrasonic beams, allows controlled optical focusing beyond the acoustic diffraction limit in 
scattering media. Our approach provides a generalized framework for analyzing acousto-optical 
experiments, and for noninvasive, high-resolution study of complex media. 
Conventional focusing and imaging techniques based on the Born approximation generally fail in 
strongly scattering media because of the multiple scattering events that any incident optical beam 
undergoes. However, multiple light scattering does not lead to an irretrievable loss of information.. The 
complex wavefront distortions, even deep inside diffusive samples, can be effectively reversed by high-
resolution shaping of the input optical wavefront1, in a fashion analogous to time-reversal experiments 
in ultrasound2. The ability to digitally control optical interference in multiply scattering media has 
recently given rise to new focusing and imaging techniques3, 4. Following the pioneering work of 
Vellekoop and Mosk5, spatial light modulators (SLM) were used for correcting spatial6-9, temporal10, 11, 
spectral12  and polarization13 distortions, and to optimize transmission14 through multiply scattering 
media, via wavefront optimization. A generalized theoretical framework underlying all experiments 
involving light propagation in complex media is the scattering/transmission matrix (TM) formalism6, 15. 
The TM essentially contains the medium's response at every output spatial mode to excitation at any 
input spatial mode (the medium's Green function). The experimental access to the TM was first made 
possible by measuring the medium's response from each pixel of an SLM to each pixel of a camera 
placed at the desired output plane6. However, while the experimentally measured TM allowed taking 
advantage of multiple scattering for focusing and imaging, this could only be done at the camera 
detection plane, severely limiting the practical interest in biomedical applications, where the goal is to 
image inside a complex sample, without direct access to the target. To control scattered light inside 
scattering samples noninvasively, a 'guide star' providing feedback on the optical intensity at the target 
point is required4. Recent exciting developments along this path include fluorescence markers16, non-
linear optical particles17-19, photoacoustic feedback20-22, or acousto-optic tagging23-29. The last two 
techniques are multi-wave approaches4, which benefit from the interaction between light and sound, 
potentially combining the best of the two waves: the near scattering-free propagation of ultrasound and 
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the selective contrast, and sub-micron diffraction-limited resolution of optical waves. In photo-
acoustics, the interaction of light with absorbing parts of the sample generates ultrasound, which allows 
ultrasonic imaging of optical absorbers, or ultrasound-guided focusing on these absorbers. In acousto-
optic imaging, the requirement for optical absorption is removed by exploiting frequency modulation 
of the diffused light by an ultrasound beam that is tightly focused inside the sample30. Detection of the 
frequency-shifted light enables observing only the ultrasonically 'tagged' portions of the optical wave, 
which have travelled through the ultrasonic focal spot. Scanning the ultrasonic focus can thus provide a 
mapping of the optical intensity distribution inside the sample, with the spatial resolution of the 
ultrasonic focus. The ultrasonically tagged light can also be focused back to the ultrasonic focus via 
phase-conjugation, in time-reversed ultrasonically encoded (TRUE) optical focusing23, 24, 26, or via 
iterative optimization29. The main drawback of acousto-optic based approaches is that the spatial 
dimensions of the ultrasound focus are of the order of the ultrasonic wavelength. This yields an 
imaging resolution that is orders of magnitude lower than the optical diffraction limit, and an optical 
focus containing a large number of optical speckles with a relatively low peak to background intensity 
ratio4. 
Overcoming the acoustic diffraction limit in acousto-optics is of major interest for many applications. 
To date two approaches to overcome the acoustic diffraction-limit in acousto-optics have been 
proposed: iterative TRUE (iTRUE)27, 28, and time reversal of variance-encoded (TROVE) optical 
focusing25. In TROVE one analyzes fluctuations of ultrasonically tagged light intensity for different 
random inputs, and computes an optical wavefront that focuses to the location with increased intensity 
fluctuations variance, allowing in principle optical-speckle size focusing25. In iTRUE, multiple 
iterations of phase conjugation operation are used to improve the focusing resolution27, 28. At each 
iteration the optical beam refocuses to the ultrasonically tagged region, spatially encoded again by the 
ultrasound focal spot pressure distribution, and shrinks progressively. For an ultrasonic spot having a 
Gaussian profile, performing N iteration of phase conjugation provides a N resolution increase beyond 
the acoustic diffraction limit. Both iTRUE and TROVE rely on digital optical phase-conjugation 
(DOPC), which requires a very precise pixel-to-pixel alignment of a high-resolution SLM and camera, 
which can be experimentally challenging to maintain31.   
Here, we introduce a novel generalized concept for optical measurement and control using ultrasound 
tagging: the acousto-optic transmission matrix (AOTM). Our concept is based on the understanding 
that any measurement that utilizes linear ultrasound-tagging can be described by a single linear 
operator, and that this operator can be described by a single matrix. Thus, we show that a single AOTM 
provides a general, concise, and full description of light propagation in any acousto-optic experiment. 
We experimentally demonstrate how the AOTM can be measured using a single or multiple ultrasonic 
focused beams, and how it can be computationally processed to provide sub-acoustic optical focusing 
inside a complex medium, without requiring a DOPC system, i.e. using any positioning of an SLM and 
a camera. Since the AOTM describes any acousto-optic experiment, we show how TRUE, iTRUE, and 
TROVE can be described and compared under the AOTM framework, and how the AOTM allows to 
overcome some of the limitations of these approaches. 
 
Principle of the AOTM with a single ultrasonic beam 
Consider a general acousto-optical experiment, such as the one schematically depicted in Figure 1a, 
where diffused quasi-monochromatic light is ultrasonically tagged by a focused ultrasound beam, and 
subsequently measured by a camera placed outside the medium. Assuming linear light propagation and 
linear acousto-optic interaction, the relationship between any input optical field ܧ௜௡ሺ ௢݂ሻ at the optical 
frequency fo, and the ultrasonically-tagged output field at the camera plane, ܧ௢௨௧ሺ ௢݂ ൅ ௎݂ௌሻ, which is 
frequency shifted to a frequency fo+fUS  by the ultrasound beam at frequency fUS, is given by a linear 
operator T: 
ܧ௢௨௧ሺ ௢݂ ൅ ௎݂ௌሻ ൌ ܶܧ௜௡ሺ ௢݂ሻ         (1) 
We define the matrix describing this operator in the spatial domain as the AOTM. Specifically, each 
element of the AOTM, ݐ௠௡, gives the complex amplitude of the acoustically-tagged optical field at the 
output spatial position rm, ܧ௠௢௨௧, as result of an input field at position rn, ܧ௡௜௡ (an acousto-optic 'Green 
function'): 
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ܧ௠௢௨௧ሺ ௢݂ ൅ ௎݂ௌሻ|௜௡௣௨௧	௙௜௘௟ௗ	௔௧	௥೙ ൌ ݐ௠௡ܧ௡௜௡ሺ ௢݂ሻ     (2) 
As result of linearity, the output acoustically-tagged field measured at rm for a general input field is 
given by: 
ܧ௠௢௨௧ሺ ௢݂ ൅ ௎݂ௌሻ ൌ ∑ ݐ௠௡ܧ௡௜௡ሺ ௢݂ሻ௡     (3) 
where the summation is over all spatial input modes, n. Figure 1a depicts the basic setup required for 
experimentally measuring the AOTM and consequently exploiting it for controlled focusing inside a 
complex medium. The setup is based on the well-established approach for measuring the optical 
transmission-matrix (TM)6, with the addition of an ultrasound transducer that generates an ultrasound 
pulsed focus inside the medium, and a reference arm for off-axis holography. The setup is composed of 
an illuminating laser beam that passes through a computer-controlled SLM to provide injection of 
controlled optical modes into the medium. The acoustically-tagged output scattered field at frequency 
௢݂ ൅ ௎݂ௌ is measured outside the medium via off-axis, phase-shifting holography32, using a pulsed 
plane-wave reference beam that is synchronized with the ultrasound pulses (see Methods).  
 
 
 
Figure 1: Acousto-optic transmission matrix (AOTM) measurement and use for sub-acoustic light control 
(numerical results). a, Setup for measuring the AOTM. b, A measured AOTM, c, Singular values of the AOTM 
(insets: optical fields at the ultrasound focal plane when the corresponding singular vectors are injected into the 
medium), (d-p), using the AOTM for light control: e-g, phase-conjugating the mth row of the AOTM is equivalent 
to TRUE focusing, enhancing the optical intensity inside the ultrasound focus; h-j, injecting the AOTM first 
singular vector focuses light at the center of the ultrasound focus, with a resolution beyond the acoustic diffraction 
limit, equivalent to infinite iterations of iterative TRUE; k-p, injecting singular vectors with lower singular values 
result in intensity enhanced rings with increasing diameter around the ultrasound focus. Low singular values result 
in increase in intensity outside the ultrasound focus, and reduced optical intensity inside it (n-p). 
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The AOTM is measured by sequentially injecting each of the n=1..NSLM input modes, ܧ௡௜௡ሺ ௢݂ሻ, at the 
laser frequency fo into the medium (where NSLM is the number of SLM pixels used), and measuring the 
ultrasonically tagged, frequency-shifted, output field ܧ௠௢௨௧ሺ ௢݂ ൅ ௎݂ௌሻ at each of the m=1..M camera 
pixels simultaneously. Following Equation (3), in each of the n=1..NSLM measurements steps, the nth 
column of T is acquired. The AOTM measured with this setup thus describes the propagation of light 
from the input plane of the SLM, through the small ultrasound focus, to the camera plane. The size of 
T is MNSLM , when a single ultrasound focus is used (Fig.1b). While a conventional TM, measured 
without the ultrasound focus, reflects the combined interference of all optical paths inside the scattering 
volume, the spatially localized ultrasound focus allows spatially resolved probing and light control in a 
specific volume inside the medium using the AOTM, as we show below. 
Once the AOTM has been measured (Fig.1b), it can be used for optical focusing inside the medium by 
several different approaches (Fig.1d-p). The most straightforward but least powerful approach is via 
direct phase-conjugation: displaying the phase conjugate of the mth row of the AOTM on the SLM 
(Fig.1b inset, Fig.1e), leads to light focusing at the mth camera pixel (Fig.1g). However, as result of the 
ultrasound tagging, this externally focused wave also concentrates optical intensity inside the acoustic 
focus (Fig.1f). The dimensions of the intensity-enhanced volume inside the sample are given by the 
ultrasound focus, and are dictated by acoustic diffraction. This is the same limit as in TRUE-focusing 
experiments23, 24, 26, which are based as well on phase-conjugation. This is not a coincidence, but rather 
a deeper result obtained from optical reciprocity: the mathematical description of any TRUE 
experiment is a phase-conjugation of an AOTM row corresponding to initial illumination from the mth 
camera pixel (see Supplementary Section 2).  
A considerably more powerful optical focusing and control approach that is enabled by the AOTM and 
allows surpassing the acoustic diffraction limit is via singular value decomposition (SVD) of the 
AOTM. SVD is a powerful tool in matrix analysis, and was recently used to identify transmission-
eigenchannels33-36, and for selective focusing21, 37. The main interest in the SVD of the AOTM is that, 
by definition, the singular vectors of the AOTM, are the eigenvectors of  ܶHܶ (where ܶH denotes the 
Hermitian conjugate of T). ܶHܶ is the matrix describing the operator of consecutive two iterations of 
an iterative phase conjugation (iTRUE) experiment (see Supplementary section 3). An intuitive 
explanation for this fact can be obtained by considering that TEin describes a single pass of an input 
field Ein through the medium and ultrasound focus, and thus after a first phase-conjugation step and 
back-propagation through the medium the measured field in the second iTRUE iteration would be 
ܶTሺܶܧ௜௡ሻ∗, which after consecutive phase conjugation would be ൫ܶHܶ൯ܧ௜௡. Thus, the input wavefront 
at the 2kth iteration of iTRUE is ൫ܶHܶ൯௞ܧ௜௡. The desired wavefront required for the tightest optical 
focus is obtained for N, and is given by the eigenvector of ܶHܶ having the largest eigenvalue. This 
eigenvector is, by definition, the first singular vector of the AOTM, T. Using the SLM to inject this 
mode into the medium results in the most tightly focused optical spot at the center of the acoustic focus 
(Fig.1h-j). The optical focus size reaches the optical diffraction limit (a single optical speckle grain) if a 
sufficiently large number of input matrix modes, NSLM, are measured. This number is larger, the larger 
is the number of optical modes (speckles) contained in the acoustic focus (see Supplementary section 
5). Not only the first singular vector of the AOTM is of interest: singular vectors with decreasing 
singular values will form concentric rings with increasing diameter around the center of the ultrasound 
focus (Fig.1k-p). Using even lower singular values leads to concentration of energy outside the 
acoustic focus, in a fashion resembling open channels in systems containing localized absorption36. 
This resemblance may be understood from the fact that the singular values of the AOTM represent the 
energy transmission through the acoustic focus, while singular values of the TM represent energy 
transmission of transmission eigenchannels through the complex medium. The distribution of singular 
values of the AOTM (Fig.1c) is affected by the shape of the acoustic focus, and the number of optical 
modes contained within the acoustic focus. For the Gaussian ultrasound focus considered here, the 
singular values gradually decrease, while for a theoretical 'top-hat' circular tagging area they are 
abruptly cut at the number of optical modes contained in the acoustic focus (see Discussion and 
Supplementary section 4).  
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Results 
AOTM using a single ultrasonic beam: Experiments 
To experimentally demonstrate our approach we used the setup schematically described in Figure 2a, 
and described in detail in Supplementary Section 1  (see Methods). In this proof of principle, we used 
two thin diffusers as the complex sample, such that the optical fields inside the ultrasound focus could 
be directly inspected by removing the second diffuser after the AOTM measurement. We note that the 
approach is general and is not limited to thin scattering layers, as is proved numerically in the 
numerical results of Figure 1, where a multiply-scattering medium was considered (see Methods). A 
pulsed focused ultrasound transducer with a central frequency of 15MHz placed perpendicular to the 
light propagation direction was used for acousto-optic tagging. Figure 2 presents the results of optical 
control using the SVD of an experimentally measured AOTM. As expected, injecting the first singular 
vectors generates a sharp optical focus with dimensions smaller than the acoustic focus (Fig.2c-d). 
Injecting singular vectors with lower singular values results in the formation of concentric rings of 
increased optical intensity around the center of the ultrasound focus (Fig 2e-f). Using lower singular 
values leads to concentration of energy outside the acoustic focus (Fig.2g-i). The full-width at half-max 
(FWHM) transverse dimensions of the ultrasound focus (Fig.2b) and the sharpest focus formed via 
SVD of the AOTM (Fig.2c) are 170m10m, and 35m5m, respectively. The axial dimensions of 
these foci are 175m20m, and 35m5m, respectively. Thus, the SVD of the AOTM provides here 
a resolution increase of approximately 4.8. 
 
   
Figure 2 Experimental results of SVD of the AOTM measured with a single ultrasound focus. (a) 
Experimental setup. (b-i), measured optical intensity distributions at the ultrasound focal plane: b, optical intensity 
of the ultrasonically tagged field for a plane wave input, giving the size of the ultrasound focus. c-i optical 
intensity distributions obtained when injecting the 2nd, 3rd, 4th , 32nd, 49th , 65th, and 100th singular vectors of the 
AOTM. While the first singular vectors focus light at a sharp focus smaller than the ultrasound focus (c-d), 
singular vectors with lower singular values result in concentric rings around the ultrasound focus center with 
increasing diameter. Low singular values concentrate optical intensity outside the acoustic focus (g-i). scale-bars, 
67m. 
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AOTM using multiple ultrasound beams  
The position of the tight focus obtained using the SVD of the AOTM (Figs.1-2) is limited to the center 
of the ultrasonic focus because of its inherent symmetry. Here, we generalize the concept of the AOTM 
to a diversity of ultrasonic beams, and show that scanning a tight focal spot over multiple positions is 
possible by joint analysis of only two AOTMs measured with two ultrasonic beams. 
As a simple example, we consider the separate measurement of two AOTMs, T1 and T2, using two 
different ultrasound focused beam, which are spatially shifted such that the two ultrasound focal spots, 
P1(x,y) and P2(x,y), partially overlap (Fig.3a-d). Such ultrasound focal spots are easily obtained by 
changing the time-delay =z/vUS, between the ultrasound pulse and the pulsed optical illumination or 
reference wave (Fig.3a), where z is the axial distance of the acoustic focal spot from the ultrasound 
transducer and vUS is the speed of sound in the medium. Using the single AOTM SVD focusing 
approach of Figs.1-2, injecting the first singular vector of each of T1 or T2 separately, would form a 
tight optical focus only at the center of each of the ultrasound foci. However, the joint information in 
the two matrices can be exploited to scan the sharp focus along the axis connecting the centers of the 
two acoustic spots (Fig3i-k). One approach to obtain this is by injecting into the medium the first 
singular vectors of the matrix: 
ܣఈ ൌ ቂ൫ ଵܶ െ ߙ ଶܶ ൯H൫ ଵܶ െ ߙ ଶܶ ൯ቃ
െ1 ቂ൫ ଵܶ ൅ ߙ ଶܶ ൯H൫ ଵܶ ൅ ߙ ଶܶ ൯ቃ     (4) 
where  is a positive weighting parameter controlling the focus position. =1 yields focusing at the 
middle of the line connecting the two ultrasound foci centers (Fig.3i). The matrix A is the 
multiplication between the TRO of the weighted sum of T1 and T2: ଵܶାఈଶ ൌ ൫ ଵܶ ൅ ߙ ଶܶ ൯ , by the 
inverse of their weighted difference:	 ଵܶିఈଶ ൌ ൫ ଵܶ െ ߙ ଶܶ ൯. Scanning the tight focus is made possible 
because, as result of linearity, the difference matrix: ଵܶିଶ ൌ ൫ ଵܶ െ ଶܶ ൯ describes an AOTM of a virtual 
ultrasound focus that is obtained by subtracting the first ultrasound focus pressure field from the other 
(Fig3e). This difference acoustic pressure field is zero at a specific distance between the two ultrasound 
foci centers (Fig.3e). Dividing the sum of the two ultrasound foci (Fig.3d) by the difference ultrasound 
pressure field (Fig.3e) results in a sharp peak along at this distance (Fig.3f). The position of the sharp 
peak is controlled by the parameter . In practice, to take into account measurement noise the matrix 
inversion in the calculation of A is performed via a pseudo-inverse (+) with a proper regularization 
parameter38. 
Figure 3i-k present numerical results obtained by this approach, with a comparison to TRUE focusing 
(Fig.3g-h). Figure 4 presents results of a proof-of-principle experiment. It can be noticed that the focus 
obtained by decomposition of A (Fig.3i-k, Fig.4e-h) is not only smaller than the ultrasound focus 
(Fig.3(b-c,g-h), Fig.4a-b), but that it is also sharper than the foci obtained using SVD of a single 
AOTM (Fig.4d). Focusing using the joint information in the two matrices yields superior results to the 
ones obtained by considering each matrix separately since the peak of the virtual ultrasound focus 
obtained by dividing by ଵܶିఈଶ (Fig.3f) is sharper than the peak of each of the Gaussian foci (Figs.b-c). 
This result can be extended to allow scanning in two or three dimensions using a larger number of 
ultrasound foci, as was demonstrated by Judkewitz et al. in their TROVE work25. Interestingly, the 
variance maximization approach that is employed in TROVE via diagonalization of a spatial 
covariance matrix in the form of THT, can now be interpreted as an SVD of an AOTM, T, measured 
with random input modes. The AOTM thus also encompasses TROVE, in addition to TRUE and 
iTRUE, with the major advantage of the AOTM being that any positioning of the SLM and camera can 
be exploited, and there is no requirement for a DOPC system31.   
In the experimental results of Fig.4, the FWHM transverse dimensions of the ultrasound foci (Fig.4a-b) 
and the transverse dimensions of sharpest focus obtained SVD of ܣఈ (Fig.2f) are 180m10m, and 
50m5m, respectively. The axial dimensions of these foci are 200m20m, and 60m5m, 
respectively. Thus, the approach provides here a resolution increase of more than 3.3. 
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Figure 3: Extending the AOTM to multiple ultrasound foci for optical focus scanning (numerical results): a, 
measurement setup: two partly overlapping ultrasound foci (marked by '1' and '2' in green and blue, respectively) 
are used to measure two AOTMs, T1 and T2; b,c, ultrasound pressure amplitude distributions for the first (P1) and 
second (P2) foci; d,e, sum and differences of the ultrasound pressure fields; f, sum of the pressure fields divided by 
the difference between the pressure fields, displaying a sharp peak between the two ultrasound foci centers; (g-k) 
optical intensity distribution at the ultrasound focal plane for TRUE-focusing using P1 or P2 (g-h), and focusing via 
SVD of a matrix A (Equation 4) formed by the weighted sum of T1+T2 divided by their weighted difference T1-
T2, for different values of : =1 (i), =0.05 (j), and =20 (k). 
 
 
Figure 4: Experimental focal scan by joint decomposition of AOTMs of two ultrasound foci: (a,b) average 
intensity of the acoustically tagged light by each of the two ultrasound foci. (c,d) Focusing via SVD of T1 (c) or T2 
(d) independently, as in Figs 1-2. (e-h) optical foci obtained by injecting the first singular vectors of the matrix A 
(Equation 4), with values of  of 0.05 (e), 0.1 (f), 1 (g), and 10 (h), demonstrating the ability to scan a tight optical 
focus between the two ultrasound foci. scale-bars, 90m. 
    
Discussion 
The AOTM provides both a tool for non-invasive high-resolution optical investigation of complex 
media, and a mathematical framework for analyzing any experiment involving linear acousto-optic 
interaction in complex media. Being a general framework, the state-of-the-art acousto-optics 
techniques could be revisited using the AOTM: any TRUE-focusing experiment is described by a 
single row of the AOTM, and the first singular vector of the AOTM gives the wavefront obtained after 
infinite iterations of iTRUE, and the TROVE-focusing wavefront using a single ultrasound focus.  
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An important advantage of the AOTM compared to TRUE, iTRUE and TROVE techniques, is that it 
does not require a DOPC system or any careful matching of input to output pixels, since the position of 
the SLM and camera is arbitrary. Another potential advantage is the possibility to have an asymmetry 
in the pixel numbers: measuring on a much larger number of output camera pixels than SLM pixels, as 
permitted by state-of-the-art cameras, with no penalty on the measurement time. However, compared to 
TRUE and iTRUE, the AOTM is considerably slower, since the measurements of the controlled input 
modes are sequential. 
We have shown that the singular values of the AOTM provide information about the shape and size of 
the ultrasound focus (Fig.1c, Supplementary Figure S3), and that the AOTM singular vectors 
concentrate light at different locations around the ultrasound focus center. Interestingly, the operator 
ܶHܶ that is diagonalized to perform the SVD of the AOTM has been studied extensively in the context 
of time-reversal ultrasound experiments in reflection, and was termed the time-reversal operator 
(TRO)39-41. The time-reversed acoustics analogue of the spatially extended acousto-optic tagging focus 
considered here, is an extended reflecting target42, 43. It was proved that the number of significant 
eigenvalues of the TRO corresponds to the number of modes (or resolution cells) contained in the 
target area, and that, in the Fraunhofer approximation, these modes are given by prolate spheroidal 
wave-functions43, functions that have been studied in e.g. information theory as a basis of band-limited 
and time-limited signals. 
As a tool, we have shown how the AOTM can be measured with a single or multiple ultrasonic beams, 
and how it can be used to provide sub acoustic-resolution focusing. Scanning a sharp focus inside the 
sample is valuable for imaging applications, and for studying various models of optical propagation in 
diffusive media in three-dimensions, such as the intensity distribution of transmission eigenchannels36, 
Anderson localized modes, and the memory-effect inside (rather than through) volumetric samples44, 45. 
The extension to two acoustic beams (Figs.3-4) can be scaled up to multiple acoustic regions, allowing 
a large field of view. However, when large volumes are considered, the computational resources for 
storing the high-dimensional (3D) AOTM are expected to be very high (and the acquisition process 
time consuming). This is because the AOTM dimension with only one ultrasound focus is the 
multiplication of the number of input optical modes, NSLM, on a two-dimensional grid by the number of 
optical modes, M , on an output two-dimensional grid: MNSLM. An AOTM covering a large 3D 
volume will require L focused ultrasound pulses, where L reflects a three-dimensional (x,y,z) scan, 
resulting in a matrix with LxMxN elements. The focused ultrasound beams may be replaced by 
ultrasonic plane waves, which can be digitally combined coherently to synthetize various ultrasonic 
foci in 3D46, 47. The AOTM could also be extended to non-monochromatic optical illumination, 
providing spectral and temporal information on the medium's response, This could be realized by using 
ultrashort optical pulses48, or spectrally tunable sources49, but would results in yet higher 
dimensionality of the AOTM.  
 
Methods 
Experiments. The full experimental setup is described in detail in Supplementary Section 1: A long-coherence 
continuous-wave (cw) laser at a center wavelength of 810nm was used as the light source. The laser is a single 
longitudinal mode, tunable, extended cavity, semiconductor laser, producing up to 1.5Watt. The maximum power 
used in our experiments was 300mW. The laser was provided by DTU Fotonik, Denmark (see acknowledgements).  
To measure the ultrasonically-modulated light, the laser beam is split to two arms of an interferometer. At the first 
arm, the laser beam illuminates an SLM (Holoeye Pluto), which is imaged on the first diffuser. A spherically-focused 
ultrasonic transducer (V319-SU-F0.75-IN-PTF, Olympus; 15MHz central frequency, 0.75" focal length, 0.5" 
element diameter), emits 133ns long pulses at a center frequency of 15MHz inside a water filled glass cuvette. At 
the second, reference, arm, two acousto-optic modulators (MT-80, AA-Optoelectronics) are used to frequency shift 
and time gate the reference arm signal, to produce a 133ns pulse with a central frequency that is shifted by 
15MHz+(5KHz/4) from the original laser frequency. The pulsed reference beam is focused on a mirror placed next 
to the output plane of the medium (the second diffuser) and is combined with the first beam on a fast camera (Photron 
Fastcam SA4) operating at fcam=5,000 frames per second. To measure the weak ultrasonically-tagged field in the 
presence of the intense untagged background, a double-heterodyne holographic technique was employed32, 
combining off-axis and phase-shifting interferometry. To maximize the measurements' signal to noise the SLM was 
imaged on the first diffuser surface, and a Hadamard input basis was used to measure the AOTM6. To compensate 
9 
 
for any slow phase drifts of the reference arm, a flat-phase mask was displayed on the SLM before each input mode 
was injected, and the phase of the output field measured with a flat phase input was subtracted from the phase of 
each measured output field. The total acquisition time for a single AOTM with 3072 input modes (6144 displayed 
phase patterns) was limited by the SLM refresh rate (~6Hz), and was 18 minutes. An iris placed in front of the first 
diffuser was used to control the speckle size at the target plane. Triggering of all instruments is detailed in 
Supplementary Figure 2. To minimize the fraction of the unshaped light from the SLM limited fill-factor, a ruled 
grating phase pattern was displayed on the SLM and only the first diffraction order was collected and injected into 
the sample. The displayed phase-pattern on the SLM was composed of macro pixels of 2020 pixels, displaying the 
phase sum of the ruled grating and the desired input phase. For direct inspection of the optical fields at the ultrasound 
focal plane, the second diffuser was removed, and an imaging lens was placed between the camera and the scattering 
medium. 
Data Analysis. The experimentally measured AOTMs had 3072 input modes (Hadamard basis dimension). For each 
input mode a camera image of  the output field with a resolution of 512352 pixels (Fig.2) or 320240 (Fig.4) was 
acquired. To minimize the computational memory requirements, considering the speckle size on the camera, one out 
of three camera pixel in each dimension was taken as an output mode (3 under-sampling). For the results of Figs.1-
2, SVD was performed in Matlab (Mathworks). For the results of Figs.3-4 SVD was performed on the matrix ܣఈ ൌ
ሺ ଵܶିఈଶு ଵܶିఈଶሻାሺ ଵܶାఈଶு ଵܶାఈଶሻ , where + is a Tikhonov regularized pseudo inverse38. Since the number of columns 
and rows of T can be substantially different, the SVD of ܤఈ ൌ ሺ ଵܶିఈଶ ଵܶିఈଶு ሻାሺ ଵܶାఈଶ ଵܶାఈଶு ሻ  can be used as well 
to calculate the optimal focusing input vectors, reducing the size of the analyzed matrix25. 
Simulations. Two random matrices with Gaussian independent and identically distributed (i.i.d) random amplitude 
entries and random i.i.d phase distribution from zero to 2 were generated to describe the all-optical transmission 
matrix between: (1) the SLM plane and the ultrasound focal plane, TSLM-US, and (2) the ultrasound focal plane to the 
camera, TUS-CAM. The propagation from the SLM to the camera was simulated by multiplying TSLM-US by the input-
field Ein. The ultrasound tagging was simulated by multiplying the field TUS-CAMEin pixel-by-pixel by a Gaussian-
shaped ultrasound pressure amplitude PUS. The results was propagated to the camera by multiplying with TUS-CAM. 
The number of input and output modes were 4096 and 2048, respectively. 
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Controlling light in complex media beyond the acoustic 
diffraction-limit using the acousto-optic transmission matrix 
- Supplementary Information 
 
 
 
1. Experimental setup 
A sketch of the optical experimental setup is given in Supplementary Figure 1. The scheme for the 
triggering and electronic connections is given in Supplementary Figure 2.  
The optical setup is based on double-heterodyne detection scheme for acousto-optic tomography1. This 
detection scheme combines off-axis holography with phase shifting holography to provide sensitive 
detection of the weak ultrasonically modulated signal over the strong unmodulated background2. 
 
 
Supplementary Figure S1, Experimental set-up. (ISO – Isolator, L# - lens, HWP – half wave plate, PBS – polarization 
beam splitter, AOM – acousto-optic modulator, I – iris, D# - diffuser, A – rectangular aperture, CCD – camera, US 
– ultrasound transducer, SLM – spatial light modulator) 
 
The light source is a long-coherence continuous-wave infrared semiconductor laser. It is a compact 
(846cm) tunable extended cavity single longitudinal mode laser, centered at 810nm. The laser was 
provided by DTU Fotonik, Denmark (see acknowledgements). The compact laser can provide up to 1.5 
Watt, without the need of an optical amplifier. 300mW average power was used in our experiments. The 
laser beam passes an isolator, is collimated by L1 and split to two arms of an interferometer by a 
polarization beam splitter. The relative powers in the two arms are controlled by a half wave plate. The 
beam paths in the signal and reference arms are as follows: 
The beam at the signal arm is magnified using a telescope made up of  lens L2 and two cylindrical lenses 
L3 and L4 (at different axes) to match the SLM dimensions. The zero diffraction order of the light shaped 
by the SLM is cut, and a telescope made out of lenses L6 and L7 images the SLM on the first diffuser, 
D1, using the light from the first diffraction order. An iris, I, placed before the first diffuser controls the 
2 
 
speckle size at the target plane. The light passes a water-filled cuvette, where the ultrasound beam is 
focused at. A second diffuser (D2) is placed at the output facet of the cuvette. The scattered light passes 
an aperture (A) that matches the speckle size on the camera to the camera resolution.  
The reference arm passes two acousto-optic modulators, and is polarization rotated by a HWP to match 
the scattered light polarization at the signal arm.  The reference arm is focused by L11 at the plane of the 
aperture placed after the exit of the second diffuser D2, and is reflected by a mirror to be combined at a 
small angle on the camera. To directly image the focal plane, the second diffuser D2 and the aperture, A, 
are removed and an imaging lens L8 is used to image the focal plane on the camera. 
 
 
Supplementary Figure S2: Electronic connections and triggering  scheme 
 
 
 
2. TRUE focusing as phase conjugation of an AOTM row 
The AOTM, T, describes the propagation of light from the SLM plane, through the ultrasound focus, and 
to the camera plane. As result of optical reciprocity, the matrix describing the propagation of light from 
the m-th camera pixel to the SLM plane is TT. Thus, if light is injected into the medium from the mth 
mode on the camera side, it will result in an output field at the SLM plane given by: TTEin,cam, i.e. by the 
mth column of TT. If this field is used for TRUE focusing, TRUE focusing will be obtained by displaying 
on the SLM the phase conjugate of this field, i.e. the phase conjugate of the mth column of TT, which is 
the m-th row of T, given by (tm,*)*. Thus, displaying the m-th row of the AOTM, T, is equivalent to 
performing TRUE-focusing for the light input from the m-th camera pixel. 
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3. Equivalence between the first singular vector of the AOTM and infinite 
iterations of iterative time-reversed ultrasound encoded (iTRUE) focusing 
Here we analyze iterative TRUE (iTRUE) iterations under the AOTM framework. Following the 
definition of the AOTM as the relation between the input field to the medium and measured 
ultrasonically tagged field (Eq.1), the measured field on the camera in the first iTRUE iteration is given 
by: 
ܧ௢௨௧ሺ ௢݂ ൅ ௎݂ௌሻ ൌ ܶܧ௜௡ሺ ௢݂ሻ         (S1) 
In the first iterations this field  is phase-conjugated and injected back into the medium at the original 
laser frequency3. Due to optical reciprocity, the propagation of this phase-conjugated optical field back 
through the medium and through the ultrasonic focus is given by ்ܶ. Thus, the optical field measured 
at the output in the first iTRUE iteration, which is the input field to the second iTRUE iteration is given 
by: 
ܧ௢௨௧,ଵሺ ௢݂ ൅ ௎݂ௌሻ ൌ ்ܶ ቀܶܧ௜௡ሺ ௢݂ሻቁ
∗ ൌ ்ܶܶ∗ ቀܧ௜௡ሺ ௢݂ሻቁ
∗
         (S2) 
At the second iTRUE iteration, ܧ௢௨௧,ଵ is phase-conjugated to provide:  
ܧ௜௡,ଶ ൌ ൫ܧ௢௨௧,ଵ൯∗ ൌ ቀ்ܶܶ∗ ቀܧ௜௡ሺ ௢݂ሻቁ
∗ቁ∗ ൌ ሺܶୌܶሻܧ௜௡ሺ ௢݂ሻ         (S3) 
Where ܶୌ is the Hermitian conjugate of the matrix T.  
Thus, the field conjugated at the (2k)th  iTRUE iteration is given by: 
ܧ௜௡,ଶ௞ ൌ ሺܶୌܶሻ௞ܧ௜௡         (S4) 
In ultrasound ܶୌܶ	was termed the 'time reversal operator' (TRO) 4, 5. Theoretically, the tightest optical 
focus will be obtained after performing an infinite number of iterations, k. Following Supp.Eq.4, 
the injected field in this k iteration would be given by the matrix ܶୌܶ (the TRO) taken to the 
kth power. Thus, iTRUE is expected to converge to the eigenvector of ܶୌܶ having the largest 
eigenvalue, i.e. the first singular vector of T.  
The result of the iTRUE power-iterations, is analogous to the formation of the lowest-loss lasing mode 
in a laser cavity. Specifically, the result is obtained under the assumption that the input field is 
decomposed into all eigenvectors, Vi, of the matrix ܶୌܶ. Ordering these modes by the amplitude of 
their eigenvalues i, such that	ሺܶୌܶሻ ௜ܸ ൌ ߣ௜ ௜ܸ  with ߣ௜ ൒ ߣ௜ିଵ, and writing the input field as ܧ௜௡ ൌ
∑ ܽ௜ ௜ܸ௜ the injected field in the k  iteration then becomes: 
lim௞→ஶ൫ሺܶୌܶሻ௞ܧ
௜௡൯ ൌ lim௞→ஶሺሺܶୌܶሻ௞ ∑ ܽ௜ ௜ܸ௜ ሻ ൌ lim௞→ஶ൫∑ ߣ௜
௞ ௜ܸ௜ ൯ ∝ ଵܸ        (S5) 
Thus, for optimal optical focusing one needs to send into the medium the eigenvector V1, of the time-
reversal operator ܶୌܶ, with the largest eigenvalue, ߣଵ.  
The process of computing the first eigenvector of ܶୌܶ is equivalent to computing the first singular 
vector of the AOTM, T,. Thus, all that is required to find the optimal focusing wavefront, is to perform 
a singular value decomposition (SVD) of the AOTM. SVD of a matrix T is given by *USVT  , 
where S is a rectangular diagonal matrix containing the real positive singular values, i, in descending 
order, and U and V are unitary matrices whose columns corresponds to the output and input singular 
vectors, Ui and Vi, respectively. Each input singular vector Vi corresponds to the input field (at the SLM 
plane) that corresponds to the ith singular value, i. The corresponding output singular vector Ui is 
expected resulting field at the camera plane. 
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4. Singular value decomposition of Gaussian vs. a top-hat tagging function 
 
Supplementary Figure S3 presents the singular values obtained via SVD of two simulated AOTMs. The 
first (Supplementary Fig.S3a) is an AOTM measured with a two-dimensional Gaussian shaped 
ultrasonic focus, close to the one expected to be achieved in practice, and the same one used to 
simulate the results of Figure 1 in the main text. The second (Supplementary Fig.S3a) is for a 
theoretical tagging ultrasound focus having a 'top-hat' circular shape, with sharp defined edges. It can 
be observed the singular values sharply fall off for the top-hat shaped-target, as expected6, where the 
singular values for the Gaussian shaped focus fall gradually. Supplementary  
Figures 4-5 display the results of focusing using the singular vectors corresponding to the first 162 
singular values presented in Supplementary Figure 3, for both the Gaussian tagging beam 
(Supplementary Figure S4, Figure 1), and the top-hat beam (Supplementary Figure 5)  
 
Supplementary Figure S3: Singular values of a Gaussian ultrasound focus (a) and a top-hat circular shaped 
tagging area (b) 
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Supplementary Figure S4: Optical fields obtained at the acoustic focal plane when focusing with first 162 
singular vectors of a Gaussian tagging area 
 
 
 
Supplementary Figure S5: Optical fields obtained at the acoustic focal plane when focusing with first 162 
singular vectors of a 'top-hat' circular tagging area 
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5. Estimating the number of degrees of control (SLM pixels) required for single 
speckle scale focusing 
Here we give a rough estimation for a lower bound on the number of controlled SLM pixels (NSLM), i.e. the number 
of AOTM columns, that is required for focusing to a single speckle grain using the SVD of the AOTM. The 
derivation assumes 2D Gaussian-shape tagging. 
To be able to focus on a single speckle of width 
speckle  located at the center of the ultrasound focus via SVD of the 
AOTM, the energy transmitted through the complex sample using this first singular vector, V1, needs to be higher 
than the energy of the second singular vector, which originates from focusing to an adjacent speckle, V2.  
Assuming an ultrasound focus pressure distribution having a Gaussian profile: 










2
exp)(
US
US
rrP 
, this task 
becomes more difficult the smaller is the speckle grain size compared to the ultrasound focus size US .  
Given that for a phase only wavefront shaping, the intensity enhancement of a single speckle grain is given by7: 
SLMN4
  , the energy transmitted through the ultrasound focus when the first singular vector is injected into the 
medium should be: 
111 )0( BEBrPEE speckleUSspeckle           (S6) 
Where Especkle is the average energy of a single speckle grain, Especkle is the energy of the wavefront-shaped speckle 
grain at the focus, and B1 is a background term originating from the  2speckleUSspecklesN   speckle grains that are 
contained in the ultrasound focus. 
Using the second singular vector, V2, the total energy transmitted through the ultrasound focus can be approximated 
by considering a wavefront shaped intensity-enhanced speckle that is located 2/speckler  off the center of the 
ultrasound focus: 
2
2
22 2
1)
2
( BEBrPEE
US
speckle
speckle
speckle
USspeckle 






 
        (S7) 
Where the ultrasound pressure distribution was approximated assuming the speckle grain size is  considerably 
smaller than the ultrasound focus diameter.  
To be able to focus on the single speckle at the center of the ultrasound focus, it is necessary that the first singular 
value (proportional to E1) should be larger than the second one, which is proportional to E2: 
21 EE         (S8) 
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1 2
1 BEBE
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
        (S10) 
Each of the background terms B1,B2 in equation (S10) is the sum of the Nspeckles contained within the ultrasound 
focus in the given speckle realization, and can be approximated by:  
     speckleUSspecklespeckleUSspecklespecklesspecklesspecklei EENNEB   2       (S11) 
Plugging these background terms difference into equation (S10) yields the condition: 







speckle
US
speckle
US
speckle
speckle EE 


 2~
2
2
      (S12) 
Plugging 
SLMN4
  gives the final condition: 
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3
216~ 
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
speckle
US
SLMN 

             (S13) 
This result suggests that the number of required controlled input modes (number of columns in the AO-TM) is 
expected to scale cubically with the ratio between the ultrasound focus diameter and speckle diameter. For 
example, when 5



speckle
US

 , Equation (S13) gives NSLM>900. 
The above derivation assumed noise-free measurements. Measurement noise may be considered by adding an 
additional noise term to the right-hand side of equation S12, giving the final condition for the number of controlled 
modes: 


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
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